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Fisher and Inverse Probability' 
Sir Harold Jeffreys 
St John's College, Cambridge 

I think that I should begin with my first use of probability theory, which was in a paper with 
Dorothy Wrinch in the Phil. Mag. for 1919. My interest started through Dr E. P. Farrow, a 
plant ecologist, who introduced me to Karl Pearson's Grammar of Science, still the best 
general work in scientific method, though most philosophers of science appear not to have 
heard of it. Anyhow, it convinced me that scientific method is neither deduction from a set of 
axioms nor a way of making plausible guesses, as Bertrand Russell said; but that it is a matter 
of successive approximation to probability distributions. The fundamental rules were laid 
down by Bayes and Laplace in the eighteenth century. They led to a result for ordinary samp- 
ling, that if a test of a property 0 is applied l+m times and succeeds 1 and fails m times, the 
probability of a 0 at the next trial is (1+ 1)/(l+m+2). If I is large and m is 0, this approaches 1, 
and for a long time the argument was held to be a justification of induction. 

C. D. Broad, however, pointed out in 1918 that the same argument leads to the conclusion 
that if I O's in 1 trials are found, and the class sampled is of number n, the probability that all 

1+1 the n are O's is 1 ; if the class is numerous we shall never attach a high probability to the 
n+1 

proposition that all the members are O's until we have examined nearly every member. This 
is completely contrary to scientific practice; a scientist may formulate a general rule on 
10 instances and expect it to hold for 100 or 1,000. The trouble is seen if we go back to the 
start. The Laplace rule said that the possible numbers 0, 1, ..., n of O's in the class are initially 
equally likely; that is, before we have made any tests at all the probability that every member 

1 
has the property is n . It therefore expresses a violent prejudice against any general law, a 

n+l 
totally unacceptable description of the scientific attitude. Wrinch and I therefore said that 
Laplace's rule should be modified to avoid this; we suggested taking probability I that all 
members are O's, I that all are not O's, and distributing the remaining ' uniformly. The 
result is then that if the first I are all O's the ratio of the probabilities that all or not all n are 
O's is near 1 (1+ 1), which is satisfactory. 

In the same paper we considered the case where all values of r are possible, the initial pro- 
babilities differing smoothly. We showed that if n is large the posterior probabilities are nearly 
in the ratios of the direct probabilities, that is, those of the sample given r. This was in fact the 
method of maximum likelihood, first given that name by Fisher a few years later. We did not 
think it at all remarkable at the time, thinking that all statisticians used it already. I was later 
astonished to find what horrors many of them used, and indeed still use. 

In this early paper we were already distinguishing between what I call estimation and 
significance tests. As I now state it, an estimation problem is one where a parameter in a law is 
capable of a range of values, with no special need to select one. This is covered by the method 
of maximum likelihood with extensions. One of significance is where we consider a change in 

1 This, and the succeeding paper by E. S. Pearson, were read at the Symposium on R. A. Fisher's Contributions 
to Inference in Scientific Reasoning held at Cambridge, September 1972. 
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the law itself, usually by introduction of an additional parameter. For instance, if a geneticist 
has a predicted sampling ratio of 3 to 1, he may want to know whether an actual sample 
confirms this ratio or supports a different one. Statisticians still do not distinguish between 
these cases; 99 per cent and 95 per cent limits are still used for both. Physicists seldom give 
estimates of uncertainty at all; when they do, they either guess or copy the statisticians. 

I think that astronomers had found much earlier that discrepancies up to twice the standard 
error usually disappeared when more information became available, but those over three times 
usually persisted. In fact, with ordinary numbers of observations, say 10 to 500, these rough 
rules are usually not far from the 95 per cent and 99 per cent rules or from the more detailed 
ones that I derive in my Theory of Probability. 

Fisher's great paper in 1922 made important contributions. I regularly use his expressions 
sufficient statistics, likelihood and null hypothesis. But he then, and in books and later papers, 
showed that he never understood the theory of probability. He thought that an initial proba- 
bility is a statement of actual frequency in the world. It is nothing of the sort. Probability 
theory is as much a method of thought as deduction is; it simply covers more cases. An 
initial probability, in the first place, is an expression of the minimum amount of information 
needed to give a hypothesis a meaning. He went wildly astray in defining probability as the 
ratio of two infinite numbers, which any first-year mathematician learns to be meaningless. 
He may have felt driven to this by dissatisfaction with the limiting frequency theory, started 
by Leslie Ellis in 1849; Wrinch and I showed there there is no reason why the limit should 
exist without further assumptions, which are not stated, and in any case calculation of proba- 
bilities can be done only by means of axioms implicit in Bayes and Laplace, and stated formally 
by H. McColl and W. E. Johnson. Of course, advocates of frequency theories use them freely, that is why they get answers at all, usually near the right ones. On the other hand, Fisher was 
a first-rate biologist and it is owing mostly to him that the standard of presentation of results 
in genetics and agriculture is incomparably better than in physics. His two books, Statistical 
Methods for Research Workers and Design of Experiments, are masterpieces of exposition. 
I should qualify this slightly. I once visited a biological station and found the people there 
completely unable to understand his rules for calculating a correlation coefficient. I sat down 
and worked out a specimen in front of them. 

Pearson, in his last paper, violently attacked Fisher's methods, and Fisher replied. The odd 
thing was that Fisher's likelihood method, in the case considered, is completely justified by 
inverse probability, which was used in the Grammar of Science, whereas Fisher paid no attention 
whatever to our justification. Pearson's method ignores likelihood altogether, calculating a 
number of functions of the observed values chosen for no general rule and usually highly 
correlated. That is, Fisher used a method that followed from Pearson's principles, while 
Pearson himself objected to it. 

I expect that other people will be talking about Fisher's ingenuity in designing experiments, 
Latin squares and so on. My own feeling is one of envy of people that can make balanced 
designs and get them carried out. Most of my work is on geophysics, where nature has made 
all possible designs hopelessly unbalanced, and politicians have sometimes made them worse. 
So at best we usually have to use the method of least squares, with the diagonal elements 
sometimes dropping by a factor of 10 or so during the solution, and the normal law of error 
needing a substantial correction. 

I should say a little about Fisher's fiducial argument. He derived a joint probability distri- 
bution for the mean and standard deviation of a set of observations based on the normal law 

x--x of error given the true value and the standard error, and defining t = with 
Sx 

n (n-1)s2 = S (x,-x)2; 
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he gets 

P(dtl x, a, H) oc 1+ d 
- 

t. 
n-1 

As this does not contain x and a explicitly he argues that this is a probability distribution for t 
and interprets it as holding for that of t given the observations; that is, he takes it as equivalent 
to 

P (dt , s, H) c 1+ dt2 
- 

t. 
n-1 

It does not follow; the essential point of probability theory is that a probability depends on the 
data, and he could not have given such an argument if he had used a notation that made the 
data explicit. As a matter of fact, if we use an initial probability 

P (dx dr I H) oc dx dala 
to express previous ignorance of the values of x and a we get the same result by a straight- 
forward argument. But in most cases we should not. Fisher had plenty of common sense and 
used it, but it is better to make it explicit. 
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Resume 
L'auteur r6sume l'exp6rience d'un demi-si&cle concernant la th6orie des probabilit6s, en portant une attention 
particulibre aux travaux du regrett6 Sir Ronald Fisher. Il rappelle l'importance de son article de 1922 et met en 
evidence certaines relations entre les travaux de Fisher sur la notion de vraisemblance et I'approche de Karl 
Pearson. En ce qui concerne l'argument fiduciaire, I'auteur estime que, malgr6 le grand bon sens dont faisait 
preuve Fisher, il fut dans cette occasion rien moins qu'explicite - par opposition A ces chefs d'oeuvre d'exposition 
que constituent Statistical Methods et Design of Experiments. 


